Introduction
This paper deals with a correspondence between a hyperkähler manifold M with a circle action which preserves just one complex structure I and a quaternionic Kähler manifold M of the same dimension with a circle action. Its origins lie in the physicist's c-map construction but a mathematical theorem in the language of differential geometry was given by A.Haydys [10] . Our aim here is to describe this from the viewpoint of twistor theory. The twistor space of a hyperkähler manifold is a holomorphic fibration of complex symplectic manifolds over the projective line, and the twistor space of a quaternionic Kähler manifold is a holomorphic contact manifold. Several natural constructions in this area, such as quotients, are more transparent when seen in twistor terms and this is also the case here.
The correspondence is in some ways not symmetrical. To pass from the quaternionic Kähler side to the hyperkähler side, one may simply take the hyperkähler quotient of the Swann bundle by the lifted circle action. However, to go in the other direction involves the introduction of a natural hyperholomorphic line bundle on the hyperkähler manifold. Most of the paper will actually be concerned with this new feature, one which is particularly interesting when considering the hyperkähler moduli spaces of gauge-theoretic equations. Given the line bundle, the correspondence consists of lifting the geometric circle action on the hyperkähler manifold M to its principal U (1)-bundle and takingM to be the quotient manifold. Then U (1) induces a geometrical action onM .
To describe a hyperkähler metric in twistorial terms requires two things -the twistor space Z itself, and a space of rational curves, sections of the fibration, called the twistor lines. In many cases we know the twistor space but have no analytic expression for the hyperkähler metric or the twistor lines. However, a hyperholomorphic line bundle on M is uniquely determined by a holomorphic line bundle L Z on the twistor space. One of the positive features about our description of it is that L Z only depends on the geometry of the twistor space and not on the twistor lines. Thus, in examples, we can sometimes describe it by a single holomorphic transition function even when the metric is not explicit.
Haydys introduced the line bundle via its curvature form ω 1 +dd c 1 µ, where ω 1 is the invariant Kähler form and µ the moment map. In this article we first define a natural holomorphic line bundle on the twistor space of a hyperkähler manifold with a circle action, and then show that it agrees with the differential geometric construction of Haydys. The holomorphic description uses aČech cohomological approach but one may interpret this by saying that L Z on Z → P 1 has a meromorphic connection with poles on the fibres over 0 and ∞. The curvature of this connection is a closed meromorphic 2-form which restricts on each fibre over P 1 \{0, ∞} to a multiple of the holomorphic symplectic form. One way to view this is to say that the twistor space, seen as a fibration over the projective line, is a symplectic manifold defined over the field of functions in one variable and the line bundle is then the quantum line bundle over this field.
Following the twistor construction we look at various examples including Taub-NUT space, the semi-flat case, the Legendre transform construction of [15] , the cotangent bundle construction of [4] and monopole moduli spaces. The line bundle can in these cases be economically defined by transition functions. The Higgs bundle moduli spaces require a different description: ours is in terms of determinant lines and zeta-function determinants.
Finally we describe how to pass back and forth between the twistor spaces of the corresponding hyperkähler and quaternionic Kähler manifolds. The contact form for the quaternionic Kähler metric is defined in terms of the connection form for the meromorphic connection on L Z .
The author wishes to thank Andrew Swann for introducing him to the subject at the Aarhus QGM Centre, and Simon Salamon, Martin Roček and Stefan Vandoren for useful discussions. He also thanks the Simons Center for Geometry and Physics for support while this research was being carried out.
2 The hyperholomorphic line bundle
The differential geometric approach
This is the approach of Haydys [10] . Let M be a hyperkähler manifold of dimension 4k with Kähler forms ω 1 , ω 2 , ω 3 corresponding to complex structures I, J, K. Suppose there is a circle action which fixes ω 1 and rotates ω 2 and ω 3 .
Example: A model for this is C 2 with the flat metric and
Then (z, w) → (z, e iθ w) takes ω 2 + iω 3 to e iθ (ω 2 + iω 3 ).
The action generates a vector field X such that
Assume there is a moment map for the action on ω 1 then i X ω 1 = dµ and, as shown in [15] , For a complex structure I, the real operator d c is defined as I −1 dI, so on M we have three such operators d c 1 , d c 2 , d c 3 and hence we can write the above as dd c 3 µ = −ω 3 and dd c 2 µ = −ω 2 . We now have from [10] , Proposition 1 ω 1 + dd c 1 µ is of type (1, 1) with respect to I, J and K.
Proof: First recall that because the Levi-Civita connection is torsion-free L X Y = ∇ X Y − (∇X)(Y ) where ∇X is a section of T ⊗ T * = End T . The Lie derivative on a differential form α is similar: L X α = ∇ X α − (∇X)(α) where ∇X acts through the action of End T on forms. Since M is hyperkähler, ∇ X acts trivially on ω 1 , ω 2 , ω 3 and by hypothesis L X only acts trivially on ω 1 but preserves the space spanned by these forms. We deduce that at each point ∇X lies in the subbundle of End T corresponding to the Lie algebra u(1) + sp(n).
Using the metric to identify 2-forms with skew-adjoint endomorphisms of T , the subspace sp(n) is the space of 2-forms of type (1, 1) with respect to I, J, K and the trivial u(1) factor consists of multiples of the Kähler form ω 1 . From IX = grad µ we see that ∇X ∈ End T is equivalent to dd c 1 µ ∈ Λ 1,1 T * , so to prove the Proposition we must show that the u(1) component of dd c 1 µ is the same as that of −ω 1 . If we introduce the Lefschetz operators
where ∆ is the Laplacian and
Example: Consider C 2 as above. The circle action (z, w) → (z, e iθ w) gives the vector field X = iw ∂ ∂w − iw ∂ ∂w and the moment map
So dd c 1 µ = −idw ∧ dw and
Note that in four dimensions the condition on a form to be of type (1, 1) with respect to I, J and K is equivalent to it being anti-self-dual.
If the cohomology class of ω 1 /2π is integral (and hence also that of F = ω 1 + dd c 1 µ) then we may regard F as the curvature of a U (1)-connection on a principal circle bundle P . If M is simply connected this is unique up to gauge equivalence. (Note that this is the quantum line bundle of the symplectic form ω 1 but with Hermitian metric rescaled by e µ ). We need to lift the circle action to P . A lift of the vector field X is given by an invariant function φ such that i X F = dφ.
In our case
1 µ) using the Cartan formula for Lie derivative of a form. But X preserves the complex structure I and the moment map µ so
However i X Idµ = dµ(IX) = g(IX, IX) = g(X, X) so, given µ, we have a natural choice of lift given by φ = µ + g(X, X).
To lift the circle action we require that the equivariant cohomology class [ω + uφ] should be integral. Any two liftings differ by a homomorphism from the circle to the U (1) acting on the fibres of the principal bundle. This involves changing the function φ, or equivalently µ, by an integer.
A connection whose curvature is of type (1, 1) with respect to I, J, K is called hyperholomorphic. Since the (1, 1) forms for I are precisely those 2-forms on which the Lie algebra action of I is trivial, to be (1, 1) with respect to I, J, K implies (1, 1) with respect to a complex structure which is a linear combination of I, J, K -any of the 2-sphere family of complex structures on a hyperkähler manifold. Given the integrality constraint, we have just produced a hyperholomorphic line bundle on M .
Remark: There is one standard method of producing hyperholomorphic bundles and this is where the hyperkähler manifold is expressed as a hyperkähler quotient. Recall that if G acts on M preserving ω 1 , ω 2 , ω 3 and we have a hyperkähler moment map µ : M → g * ⊗ R 3 , thenM = µ −1 (0)/G has an induced hyperkähler metric [15] . The space µ −1 (0) ⊂ M is a principal G-bundle overM and the induced metric from M defines horizontal subspaces to the tangent spaces of the G-orbits. This defines a connection which is hyperholomorphic.
The twistor approach
To each hyperkähler manifold M of dimension 4k one may associate its twistor space, a complex manifold Z of (complex) dimension 2k + 1. Differentiably it is the product M × S 2 but with complex structure at (m, x) defined by (I x , I) where I is the standard complex structure on S 2 ∼ = P 1 and
A hyperholomorphic connection has curvature of type (1, 1) with respect to all I x and it follows that the connection on M pulled back to the product M × S 2 defines a holomorphic structure on the bundle. To interpret the hyperholomorphic line bundle of the previous section in twistorial terms we are therefore seeking a holomorphic line bundle L Z on its twistor space. If it is trivial on each twistor line this is also sufficient, by the hyperkähler version of the Atiyah-Ward correspondence.
As a complex manifold, the twistor space has the following features [15] :
• a holomorphic projection π : Z → P 1
• a holomorphic section ω of Λ 2 T * F (2) (where T F is the tangent bundle along the fibres and the (2) denotes the tensor product with π * O(2)) such that ω defines a holomorphic symplectic form in each fibre
• a real structure preserving this data and inducing the antipodal map on P 1 .
We shall produce, usingČech cocycles, a holomorphic line bundle on Z from the data of the circle action and then in the next section show that it coincides with the bundle defined by the procedure of Section 2.1.
It is useful to suppress for the moment the integrality condition on ω 1 /2π. There is still a geometric way to phrase this, which is useful in the holomorphic context. If P is a holomorphic principal C * -bundle over a complex manifold X then T P/C * is a bundle on X whose local sections are the invariant vector fields on P . More generally a bundle E which is an extension 0 → O → E → T → 0 with a Lie bracket operation compatible with the projection to T is called a Lie algebroid. With respect to local trivializations it is defined by a 1-cocycle of closed 1-forms. The exact cohomology sequence of the sequence of sheaves 0 → C → O → dO → 0 associates to each such 1-cocycle a class in H 2 (X, C) which is the characteristic class of the algebroid. If this lies in H 2 (X, 2πiZ) then we can replace this with a cocycle of the form g −1 U V dg U V for the transition functions g U V of a principal C * -bundle and then the Lie algebroid is T P/C * (usually called an Atiyah algebroid). Although we are looking for a holomorphic line bundle on the twistor space Z, it is more convenient to seek a holomorphic Lie algebroid first and then discuss the integrality condition later.
Proposition 2 On each fibre of the twistor space Z of a hyperkähler manifold there exists a natural holomorphic Lie algebroid.
Proof: The twistor space π : Z → P 1 is covered by open sets {U, V, . . . } where each set is the product of an open set in C 2k and an open set in P 1 , with affine parameter ζ. With respect to the product structure, the local vector field d/dζ on P 1 lifts to a unique vector field Z U on U . On the intersection of two such open sets U, V we have
which is a vector field along the fibres of U ∩ V ⊂ Z → P 1 . Invariantly speaking d/dζ is a local trivialization of the tangent bundle of P 1 which is isomorphic to O(2) and then X U V is a 1-cocycle with values in T F (−2). It defines the cotangent bundle of Z as an extension:
Now take ω, which is a section Λ 2 T * F (2), and form the cocycle
This extension is defined by a cocycle of 1-forms but for a Lie algebroid we need closed forms, which means choosing Z U more carefully. This local vector field projects to one on P 1 and so when integrated takes fibres to fibres. It also acts on the tangent bundle O(2) and so we have a Lie derivative action on Λ 2 T * F (2). We ask that L Z U ω = 0. This is possible because by Darboux' s theorem locally Z is a product of a symplectic manifold and an open set in C. With this choice we see that L X U V ω = 0, so on a fixed fibre di X U V ω = dθ U V = 0.This cocycle defines the Lie algebroid structure on E for each fibre ζ = const. ✷
The existence of the hyperholomorphic line bundle requires also an S 1 -action on M . This extends naturally to Z preserving the holomorphic structure and therefore defines a holomorphic vector field Y on Z. The original action induced a rotation on the 2-sphere of complex structures, leaving fixed two points which we may assume are ζ = 0 and ζ = ∞.
Then the vector field Y projects to the vector field iζd/dζ on P 1 , and the section ω of Λ 2 T * F (2) is invariant. Invariance again means that Y preserves the fibration and the line bundle O(2) on the quotient, and so there is a natural Lie derivative. Thus, regarding Z U as a section of
Note that if U is invariant under the circle action then by averaging over the circle we can choose Z U to be invariant and then W U = 0.
The vector fields X U V and W U preserve the symplectic forms along each fibre hence
for locally defined functions f U .
Consider now the fibre Z 0 given by ζ = 0: this is the manifold M with complex structure I. As noted above, since d F (i X U V ω) = 0, i X U V ω is closed on each fibre and in particular Z 0 . But Y is tangential to Z 0 and it follows from (2) therefore that
This defines a 1-cocycle with values in C and so if H 1 (M, C) = 0 (which we assume for the remainder of the paper) then we may choose the {f U } so that
Using the isomorphism T * Z ∼ = O(−2) ⊕ T * F provided by the local product decomposition on U a form ϕ along the fibres gives a form ϕ U on U characterized by i Z U ϕ U = 0. Applying this to ω we have sections
Remark: Note that ϕ 0 is not quite unique, for we can add the same constant to each f U , but the restriction of ϕ 0 to T *
Using the local splittings in the computations above, we observe thatỸ | U = −f U + Y is a lift of the vector field Y to the algebroid E, and changing f U by a constant gives a different lift. Now apply the real structure to transform ϕ 0 to a form ϕ ∞ over the fibre Z ∞ . The divisor D = Z 0 + Z ∞ is the zero set of the section s = p * (iζd/dζ) of O(2) and so in the cohomology sequence of the exact sequence of sheaves
Proposition 3 The extension above has the structure of a Lie algebroid which restricts on each fibre to the algebroid of Proposition 2.
Proof: We shall find a cocycle of closed forms to define the extension. First recall the definition of the homomorphism δ :
Z represents the class δ(ϕ). Using the local product decomposition on U we can write Y = Y U + iζZ U where Y U is a local vector field along the fibres. Then
is a local extension. So the cocycle is (ϕ V − ϕ U )/s and we need to show this is closed.
From the definition of f U we have
From this we have
But i X U V ω is closed on each fibre and hence d(i X U V ω/s ∧ dζ) = 0 and the cocycle is closed.
Restrict the cocycle to a fibre ζ = c = 0 and we therefore obtain
the cocycle for the Lie algebroid of Proposition 2. By continuity this also holds for ζ = 0, ∞. ✷ From this we obtain the following:
Theorem 4 Let Z be the twistor space of a hyperkähler manifold M with a circle action as above. Suppose that the canonical Lie algebroid of Proposition 2 on the fibre at ζ = 0 is defined by a principal C * -bundle. Then there exists a section ϕ of T * Z (2) on the divisor D ⊂ Z such that the Lie algebroid of Proposition 3 uniquely defines a line bundle L Z on Z which is trivial on every twistor line, and which corresponds to a hyperholomorphic line bundle L on M .
Proof: The Lie algebroid of Proposition 3 is defined by δ(ϕ) ∈ H 1 (Z, T * Z ), which lies in the image of H 1 (Z, dO) in H 1 (Z, T * Z ). For uniqueness we need this to be injective. So consider the exact sequence of sheaves
Restricted to a twistor line in Z, the cotangent bundle is T *
holomorphic form vanishes on the line and hence everywhere since there is such a line through each point. In particular H 0 (Z, dΩ 1 ) = 0 and so from the exact cohomology sequence
. As far as the characteristic class is concerned, we have the C ∞ product Z = M × P 1 and so
The second factor is determined by restriction (as a cocycle of 1-forms) to a twistor line, so this is δ{f U (0),f V (∞)} ∈ H 1 (P 1 , O(−2)) ∼ = C. By changing f U by a constant (and f V by its conjugate) we can make this class zero. The Lie algebroid of Proposition 3 restricts to the canonical algebroid on the fibre so by assumption the integrality condition holds for the Lie algebroid on Z.
The unitarity of the connection follows from the reality condition for the section of T * Z (2) on the real divisor D.
✷ Our construction reveals a new aspect of the line bundle L Z . Recall that the Atiyah class in H 1 (Z, T * Z ) of a holomorphic line bundle is the obstruction to the existence of a holomorphic connection. In our construction it is of the form δ(ϕ) for ϕ a section of T * Z (2) on the divisor D and as a consequence we have:
The line bundle L Z on the twistor space Z admits a meromorphic connection with a simple pole on the divisor D = π −1 (0, ∞) . It has the following properties:
1. its curvature is a closed meromorphic 2-form F which restricts on each fibre of Z\D to the form iω/s 2. the annihilator of F in T Z is the distribution generated by the vector field Y 3. the residue is the 1-form ϕ on D Proof: From the construction in Proposition 3 the transition functions g U V for L Z satisfy g
is a local connection form for a meromorphic connection on L Z , with a simple pole on ζ = 0. There is a similar form at ζ = ∞ so the connection has a simple pole on the divisor D. We see directly from the definition of
The curvature form is F = dA U = d(ϕ U /s), but from (4) this can be expressed as −i Y d(ω U /s) and is thus annihilated by the vector field Y . If we establish Property 1, then F will be symplectic along the fibres, which are transversal to Y and then we can deduce that Y generates the annihilator. Now Y = Y U + iζZ U and ω U /s is closed on a fixed fibre ζ = c, so i Y U d(ω U /s) vanishes on the fibre since Y U by definition is tangential to a fibre. We therefore only have to consider
with d/dζ we can write s = iζ, and using i ZU ω U = 0 and L Z U ω = 0 gives i Z U dω U = 0 modulo dζ. Hence on the fibre
The link
We shall now show that the holomorphic line bundle with curvature F = ω 1 + dd c 1 µ on Z = M × S 2 coincides with the holomorphic line bundle just constructed, tradingČech terminology for the Dolbeault viewpoint. To begin with, we interpret in differential-geometric terms the Lie algebroid in Proposition 2 on each fibre of an arbitrary hyperkähler manifold.
Without loss of generality consider ζ = 0 to be the complex structure with Kähler form ω 1 . On an open set U we can write 2iω 1 =∂∂φ U =∂θ U for a ∂-closed (1, 0)-form θ U . If ω 1 is the curvature of a U (1) connection, then θ U is the connection form for a local holomorphic trivialization. On U ∩ V , θ U − θ V is therefore a 1-cocycle of closed holomorphic 1-forms and defines a holomorphic Lie algebroid. As connection forms
Proposition 6 This is the Lie algebroid of Proposition 2 on the fibre at ζ = 0.
Proof: Given the hyperkähler metric, the twistor space Z is a C ∞ product M × P 1 . We take the section ω of Λ 2 T * F (2) to be
regarding the tangent vector d/dζ as a local trivialization of O(2).
Choose local holomorphic coordinates z 1 , . . . , z n on the fibre ζ = 0. To fix terminology we shall call (1, 0) vector fields on a complex manifold those spanned by ∂/∂z i . Write 2iω 1 =∂θ U as above and define the (1, 0) vector field
The (0, 1) tangent vectors X on M for the complex structure ζ are given by i X ω = 0, and it therefore follows from (5) that to first order ∂/∂z k + ζX k is of type (0, 1). Furthermore, from the definition of
at ζ = 0 so ∂/∂ζ + T U is a holomorphic vector field at ζ = 0 which projects to d/dζ on P 1 . Thus, comparing with the construction in the previous section, we can take at ζ = 0
Now ω 2 + iω 3 is the symplectic form on the fibre, so
showing we have have the same algebroid as in Proposition 2. ✷ Now consider the case in question, where the hyperkähler manifold has a circle action inducing a holomorphic vector field Y on Z. As we have seen, the fibration π : Z → P 1 expresses the tangent bundle T Z as a holomorphic extension
The product decomposition Z = M ×P 1 gives a C ∞ decomposition of the tangent bundle as complex vector bundles
is given the complex structure at ζ. We denote by∂ ζ the∂-operator on M with respect to the complex structure ζ. Let X 1,0 denote the (1, 0) component with respect to this complex structure of the vector field X (defining the circle action) on M . Then i X ω = i X 1,0 ω since ω is of type (2, 0) for all ζ, and moreover since ω is symplectic on a fibre i X 1,0 ω uniquely defines X 1,0 .
For fixed ζ, ω is holomorphic on M so
But, as a form on the fibre M ,
using Equation (1) for the action on
is divisible by ζ and hence so is∂ ζ X 1,0 . A similar argument near ζ = ∞ (or using the real structure) shows that ζ −1∂ ζ X 1,0 is a well defined (0, 1)-form on Z with values in T F (−2). These facts play a useful role because of the following description of the tangent bundle of Z, the holomorphic extension 0 → T F → T Z → π * T P 1 → 0, as a C ∞ direct sum.
Lemma 7
The holomorphic structure of T Z ∼ = T F ⊕ π * T P 1 is defined by the operator∂ Z where∂
Proof: The vector field Y gives a holomorphic splitting of the extension (6) outside the divisor D = Z 0 + Z ∞ since Y projects to the non-zero tangent vector iζd/dζ on P 1 . Writing s as the corresponding section of O (2), this means that the extension is defined by the class
where Y D is the vector field Y on D, where it is tangential to those two fibres.
On the other hand, since X 1,0 is holomorphic in ζ, −iζ −1∂ ζ X 1,0 = −iζ −1∂ Z X 1,0 = γ is a Dolbeault representative for a class in H 1 (Z, T F (−2)). Then sγ =∂ Z X 1,0 is cohomologically trivial and in the Dolbeault version of the exact cohomology sequence is defined by δ(X 1,0 | D ). But on D, X is the holomorphic vector field Y D , so the form γ defines the extension and the lemma follows.
On the cotangent bundle this implies that the∂-operator is
To prove the equivalence between the differential geometric approach and the twistorial approach, we need to show that the holomorphic Lie algebroid on Z defined by the closed (1, 1)-form F = ω 1 + dd c 1 µ is obtained by a coboundary map from a holomorphic section of (1, 0) with respect to the complex structure ζ. Take α = dµ and define the (1, 0) form φ on M by
and use the C ∞ splitting of T * Z to interpret this in Ω 1,0 (Z, O (2)) (the twist by O(2) comes from the quadratic dependence on ζ).
Proof: First we check the result restricted to fibres: i.e. that∂ ζ φ = 2iζF . Using dd c 3 µ = −ω 3 and dd c 2 µ = −ω 2 , we see that∂ ζ φ is the (1, 1)-component of
is of type (2, 0) so, as before
since F is of type (1, 1) with respect to all complex structures.
To finish we have to show, using (8) , that 2∂ ζ µ = ζ −1 φ(∂ ζ X 1,0 ). Now, contracting the 1-form φ with∂ ζ X 1,0 ∈ Ω 0,1 (T ) we have, using (10),
and by definition
.
) and so from (11)
From the Lemma we see that the algebroid given by F is defined by δ(ψ D )/2 where ψ D is the holomorphic section of T * Z (2) on D given by the restriction of ψ. Now at ζ = 0, we see from (9) that φ restricts to
from the properties of µ in Section 2.1. This is the section i Y ω of T * F (2) on Z 0 in the twistor construction, and the choice of moment map µ is equivalent to the choice of lift of Y to the algebroid.
Finally the integrality condition on the cohomology class of ω 1 is clearly the same as for F = ω 1 + dd c 1 µ and so if satisfied, the algebroid on Z defines a holomorphic principal C * -bundle.
To summarize:
The line bundle L Z on Z which gives the hyperholomorphic connection with curvature ω 1 + dd c 1 µ on M is obtained by applying the construction of Section 2.2 to the section
3 Examples
The flat case
We take M to be C 2k -a product of k copies of the motivating example in Section 2.1. So the hyperholomorphic line bundle has curvature
The twistor space Z is then the total space of the vector bundle C 2k (1) over P 1 . We write this more invariantly as Z = W (1) ⊕ W * (1) where W is a k-dimensional vector space. Then the natural pairing v, ξ defines the section ω of Λ 2 T * F (2), which is just a constant skew form on the fibres, and the S 1 -action extends to a C * -action which is the composition of the natural action on P 1 with the action (v, ξ) → (v, λξ). A hermitian structure on W defines an isomorphism W ∼ =W * which, together with the antipodal map on P 1 generates the real structure on Z. We shall now describe the holomorphic line bundle on Z constructed in Section 2.2, and to do this inČech language we describe Z in terms of two open sets.
Define U, V ⊂ Z to be the subsets ζ = ∞ and ζ = 0 respectively. Then we have coordinates
The real structure is (v i , ξ i , ζ) → (ξ i /ζ, −v i /ζ, −1/ζ) and, comparing with Example 2.1, ω U = i dv i ∧ dξ i /2 and similarly over V .
. Over U and V we have the vector field Y on Z expressed as
We take Z U = ∂/∂ζ and Z V = ∂/∂ζ to be the lifted vector fields. Since ω U in these coordinates is independent of ζ this is the required condition. Over U ∩ V , the cocycle X U V with values in T F (−2) is
The open sets U, V are C * -invariant, as is X U V , so we may take the f U = 0 and then the cocycle which defines the Lie algebroid on Z is
Note that the factor ζ 2 appears to relate the two local trivializations of O(2) over U and V .
This expands in the U -coordinates to
Thus the line bundle is defined by the transition function g U V where
The meromorphic connection is given by one-forms A U , A V such that
But this can be read off from (12)
That this describes the hyperholomorphic line bundle is a consequence of the general proof in the previous section, but it is instructive to see it directly. The C ∞ description of the twistor space as a product is given by setting
for these equations define the real holomorphic sections of C 2k (1) parametrized by coordinates (z i , w i ) ∈ C 2k . A hermitian metric on a line bundle with holomorphic transition functions g U V is give by smooth real-valued functions h U on U such that on U ∩ V ,
and log h V = − log h U (−1/ζ).
Now the (1, 0)-forms on Z for ζ = ∞ are spanned by dz i + ζdw i , dw i − ζdz i , dζ and a short calculation gives∂
, giving the curvature of the hyperholomorphic connection on the line bundle pulled back to the twistor space.
Taub-NUT space
There is another well-known hyperkähler metric on R 4 whose twistor space can be described easily, namely the Taub-NUT metric. It is the submanifold of the vector bundle L(1)⊕L * (1) over O(2) defined by {(v, ξ) : vξ = η} where η is the tautological section of O(2) pulled back to its total space, and L is the line bundle with transition function exp(η/ζ) (the line bundle occurring in the construction of monopoles [11] ). It has local coordinates v, ξ, ζ and v,ξ,ζ as above wherẽ
The C * -action is as in the flat case and a similar calculation to the one above gives the cocycle
The hyperholomorphic line bundle is therefore given by the transition function
The semi-flat case
We next describe from a differential geometric point of view the line bundle as it appears in the physicist's c-map construction (see [2] for further discussion of this). This starts with a special Kähler manifold. This is a manifold M with a flat symplectic connection ∇ with symplectic form ω, and a Hamiltonian vector field X such that ∇X = I is a complex structure making ω a Kähler form. When X preserves the metric, or equivalently the complex structure, and generates a circle action, it is called a conical special Kähler manifold and its symplectic quotient is called a projective special Kähler manifold. We shall assume that the metric is positive definite, though in many of the moduli space occurrences of this structure it is indefinite.
Let φ be the Hamiltonian function generating X, then following the description in [12] we let x 1 , . . . , x 2k be real flat coordinates for the connection ∇. In these coordinates the symplectic form is given by a constant matrix ω ij . On the product with R 2k , with coordinates y 1 , . . . , y 2k we define on M × R 2k three closed 2-forms by
Then these define a hyperkähler metric. Take the trivial action of the circle on the R 2k factor and this gives an action which leaves fixed ω 1 , and which has moment map µ = φ, a function of M alone.
The metric on M is of Hessian form g = ∇ 2 φ, so since Idφ = grad φ we have
since ω is a Kähler form for the Hessian metric. Hence
The curvature form is thus constant on each copy of R 2k .
In many situations, there is a lattice in the fibres and the hyperkähler metric is defined on the quotient which is a torus fibration over M -in fact a holomorphic integrable system for the symplectic form ω 2 + iω 3 . The hyperholomorphic line bundle then defines a complex line bundle over each torus. The corresponding principal bundle is a Heisenberg extension of the torus group.
The metric above has a 2k-dimensional abelian group of translational triholomorphic symmetries (preserving I, J and K) generated by ∂/∂y i . It is a special case of the Legendre transform construction which requires only a k-dimensional group, and we shall give a twistor description in the next section.
The Legendre transform
The Legendre transform [15] is a means of constructing a hyperkähler metric on a manifold M 4k with a k-dimensional abelian group G of triholomorphic symmetries. It requires a hyperkähler moment map for the group which means that the restriction of the Kähler forms ω 1 , ω 2 , ω 3 to the orbits must be zero. In particular to apply it to the previous semiflat case, we need to restrict the translations to a Lagrangian subspace of R 2k with respect to the symplectic form.
If G = W ∼ = R k and acts freely then the hyperkähler moment map expresses M as a principal W -bundle over W * ⊗R 3 . The twistor space is then a principal C k -bundle over the vector bundle W * (2) ∼ = C k (2) → P 1 . The construction starts with a class a ∈ H 1 (W * (2), O(2)), then differentiating along the fibres we get a class
. This class defines the principal C k -bundle.
We take again the open sets U, V on W * (2) defined by ζ = ∞, ζ = 0 and coordinates η i , ζ on U andη i ,ζ on V and on U ∩ V we havẽ
Remark: Most of the interesting examples do not quite fall into this picture because the group action has fixed points: the cohomological formulation is replaced by contour integrals and these may be of multi-valued functions, but for our purposes we shall stay with this global picture.
The class a ∈ H 1 (W * (2), O (2)) is defined by a cocycle on U ∩ V of the form
and then the principal C k -bundle has extra coordinates χ 1 , . . . , χ k over U andχ 1 , . . . ,χ k over V which on U ∩ V satisfyχ
This preserves the symplectic form ω = i dχ i ∧ dη i = ζ 2 i dχ i ∧ dη i along the fibres.
Example: Take M = C 2 and let the action of W ∼ = R be (z, w) → (z + t, w). Then on the twistor space Z = C 2 (1) the C-action in coordinates is given by (v, ξ) → (v + ζ, ξ + 1).
Then η = ζξ − v is invariant and defines the projection from C 2 (1) to O(2) over U and η =ξ −ζṽ over V . Over U we have a section (v, ξ) = (−η, 0) and over V , (ṽ,ξ) = (0,η). Then on U ∩ V , (0,η) = (−η, 0) + χ(ζ, 1) giving χ = η/ζ and hence H(η, ζ) = η 2 /2ζ.
To determine the holomorphic line bundle over the twistor space, we take the natural lift of the C * -action on P 1 to W * (2) which in coordinates is ζ → λζ, η i → λη i . Since U and V are invariant we can average a cocycle over the circle group to make it invariant. Then H(η 1 , . . . , η k , ζ) is homogeneous of degree 1 and as before we can take the f U = 0. Now we have 1
Proposition 10
The hyperholomorphic line bundle is defined by the transition function
Proof:
But from the homogeneity of H,
Substituting, we get
In the flat example above ∂H/∂ζ = −η 2 /2ζ 2 = −(ζξ − v) 2 /2ζ 2 which expands to −ξ 2 /2+vξ/ζ −v 2 /2ζ 2 . But exp ξ 2 /2 is a gauge transformation over U and exp(v 2 /2ζ 2 ) = exp(ṽ 2 /2) is well defined over V , so after changing local trivializations we get transition function exp(−vξ/2ζ), the same holomorphic bundle as in Section 3.1.
In the semi-flat case with a circle action we have a bigger group of symmetries. On the space W * (2) these are realized by transformations η i → η i + t i ζ. We cannot impose the symmetry on the cocycle itself since ζ∂H/∂η i = 0 is too strong, but we can ask that ζH (and hence also ∂H/∂η i ) must be a coboundary. This means that it comes from a class in H 0 (D, O(4)) in the exact sequence
where D is the sum of the divisors ζ = 0 and ζ = ∞. The cocycle is then of the form
for a holomorphic function f , homogeneous of degree 2. (In fact, (see [12] ) this is essentially the holomorphic prepotential of special Kähler geometry.) Then the transition function is exp − 1 2
Cotangent bundles
The cotangent bundle of a Kähler manifold N is a holomorphic symplectic manifold with a circle action along the fibres, which acts by multiplication on the symplectic form, as in the cases here. Feix [4] , and independently Kaledin and Verbitsky, showed that if the metric on N is real analytic then there is a canonical extension to an S 1 -invariant hyperkähler metric on a neighbourhood of the zero section of T * N . Any hyperkähler metric is real analytic so this is a necessary condition anyway. Since this is local around the zero section the same argument also applies to hyperkähler metrics with a circle action with fixed point set which has the local structure of the cotangent bundle [5] . In particular the hyperkähler metric is uniquely determined by the metric on the fixed point set.
In a further paper [6] , Feix showed that a real analytic connection on a bundle over a Kähler manifold N , whose curvature is of type (1, 1), extends uniquely to an S 1 -invariant hyperholomorphic bundle on this hyperkähler extension on T * N . Now the hyperholomorphic bundle considered here has curvature F = ω 1 + dd c 1 µ. The function µ is the moment map for the circle action and so is constant on the fixed point set N . The action also preserves the complex structure I so the fixed point set is complex and hence dd c 1 µ restricted as a form vanishes there. It follows that the hyperholomorphic bundle on T * N is the unique extension of the line bundle with curvature the Kähler form on N . Since Feix's construction uses twistor theory, we can implement our description in this rather general case too. We first outline Feix's argument.
Locally, real analyticity allows a complexification N c of the Kähler manifold N . This means that z i ,z i become independent coordinates z i ,z i and there are two transverse foliations whose leaves are defined by z i = c i andz i =c i . Let B + be the quotient space of N c by the first and B − of the second. Then the projections p ± : N c → B ± identify the real submanifold N ⊂ N c with B ± and give it the complex structures ±I.
The Kähler form is now a holomorphic symplectic form on N c and the foliations are Lagrangian foliations. This means the fibres have natural flat affine structures: functions on the base B ± define Hamiltonian vector fields along the fibres and these are covariant constant with respect to the flat affine connection. Let V ± denote the rank k + 1 vector bundle over B ± consisting of the affine linear functions along the fibres. In canonical coordinates, if ω = i dq i ∧ dz i then this space is spanned by {1, q 1 , . . . , q k }.
There is a natural map φ + : N c ×C * → V * + defined by φ + (x, λ) = λδ x where δ x (f ) = f (x) for an affine linear function f . This is locally biholomorphic. We define φ − similarly and then construct a twistor space Z by attaching V * + to V * − by identifying φ + (x, λ) with φ − (x, λ −1 ) over a neighbourhood of S 1 in C * . Note that the constant functions are contained in V ± which provides homomorphisms V * ± → C. The identification then gives the projection from Z to P 1 . Now take a real analytic Kähler potential f (z,z), so that the Kähler form satisfies 2iω = ∂∂f . In the complexification this can be written as 2iω = j d(∂f /∂z j ) ∧ dz j and then the affine linear functions on a leaf z i = c i are linear combinations of 1 and q i = (∂f /∂z i )(c,z) for i = 1, . . . , k. With respect to this basis we can take local coordinates a 0 , a 1 , . . . , a k , z 1 , . . . z k on V * + and similarlyã i ,z j on V * − . Then the identification to define Z can be written as
In other words, we have coordinates a 0 , a 1 , . . . , a k , z 1 , . . . z k on an open set U andã 0 , . . . ,ã k , z 1 , . . .z k on V where a i = ζ∂f /∂z i definesz i as a function of a 0 , a 1 , . . . , a k , z 1 , . . . z k .
The further properties to recognize this as the twistor space of a hyperkähler manifold are attended to in [4] , but for us we only need to note the natural C * -action by multiplication on the space of affine linear functions.
Proposition 11 Let f be a Kähler potential on the real analytic Kähler manifold (N, ω), then a transition function for the line bundle L Z on the twistor space of T * N which defines the hyperholomorphic extension of the line bundle on N with curvature ω is
wherez i is expressed as a function of a 0 , a 1 , . . . , a k , z 1 , . . . z k by a i = ζ∂f /∂z i .
Proof: From the construction above, and using the terminology of Section 2.2 we have
We may compare this formula with the hyperholomorphic extension of the connection on a line bundle L with curvature ω. The argument of [6] is as follows. Since ω is of type (1, 1) the complexification vanishes on restricting the form to the leaves of each foliation, and in simply-connected neighbourhoods there exist line bundles L ± on B ± consisting of sections of L on N c covariant constant along the leaves. If q ± : V * ± → B ± is the projection then a line bundle on the twistor space is obtained by identifying q * + L + and q * − L − as follows. For x ∈ N c , φ + (x, λ) is identified with φ − (x, λ −1 ) and a vector in (q * + L + ) φ + (x,λ) , which is a covariant constant section σ + , is identified with a covariant constant section
so that − j (∂f /∂z j )dz j /2 is a connection form for the line bundle on the leaves z i = c i , and exp(f (c,z)/2) is a covariant constant section. The identification is therefore achieved by exp(−f (z,z)/2) as in the proposition.
and the twistor space has coordinates a 0 , a 1 , . . . , a k , z 1 , . . . , z k on U and
The transition function for the hyperholomorphic line bundle is exp(− z i a i /2ζ) as in the direct calculation in Section 3.1.
Monopole moduli spaces
Among the gauge-theoretic hyperkähler moduli spaces, the one we know most about is the moduli space of SU (2) magnetic monopoles of charge k on R 3 [3] . These are solutions to the Bogomolny equations F = * ∇φ where F is the curvature of a connection A and φ, the Higgs field, is a section of the adjoint bundle. The boundary conditions imply that as r = |x| → ∞, |φ| → 1 − k/2r − . . . where k is an integer, the magnetic charge.
The group SO(3) of spatial rotations acts on the moduli space, rotating the complex structures of the hyperkähler family, so rotations about a fixed axis give us a circle action of the type we are considering. From a theorem of Donaldson we can identify the moduli space M k as the space of rational functions R k :
The circle action is S(z) → λ −2k S(λ −1 z). From [3] its twistor space is of the form Z = U ∪V ,
It is convenient to use local coordinates on the open set where the denominator has distinct roots β 1 , . . . , β k . Then since p/q has degree k, p(β i ) = 0 and we use coordinates
The symplectic form along the fibres is
. Setting χ i = log p i we have the same format as the Legendre transform, although there is no global
then logp i = log p i +∂H/∂β i . Moreover H is homogeneous of degree one, so the holomorphic line bundle on the twistor space is defined by the transition function exp(−(∂H/∂ζ)/2):
When the monopole is centred b k−1 = 0 and the resultant R(p, q) = 1. Then we have simply
We can also give a differential-geometric description of the hyperholomorphic bundle, thanks to [13] , where the following formula is given for the Kähler potential of the moduli space of centred monopoles in the complex structure fixed by rotations about the unit vector u:
Here ϑ is a theta function for the spectral curve (here assumed to be smooth) and Q is the quadrupole moment in the asymptotic expansion of the Higgs field:
It is a trace zero symmetric rank 2 tensor.
The spectral curve [11] , [3] is an algebraic curve whose equation is of the form η k + a k−1 (ζ)η k−1 + · · · + a 0 (ζ) = 0 where a i (ζ) is a polynomial of degree 2k − 2i, which is real in the sense that ζ 2k−2i a k (−1/ζ) = a k (ζ). Then the quartic function 2a k−2 (ζ) − a 2 k−1 (ζ) = c 0 + c 1 ζ + c 2 ζ 2 −c 1 ζ 3 +c 0 ζ 4 where c 2 is real. If u gives the complex structure ζ = 0 then c 2 = −Q(u, u)/2. In the rational map description the numerator at complex structure ζ is given by setting η = z, so it is perhaps not surprising, given the transition function above, that Q appears in the formula. Now consider the curvature F = ω 1 +dd c 1 µ of the hyperholomorphic line bundle. As we have seen, the Kähler form for J is ω 2 = −dd c 2 µ. But this is the complex structure invariant under rotation about an axis v orthogonal to u. The theta function term in (14) is rotationally invariant, so we find
Now under a rotation of an angle θ, c 2 is replaced by
so for the orthogonal complex structure defined by v we get
However c 0 = 2b k−2 − b 2 k−1 and is holomorphic in the complex structure at ζ = 0, so we finally get
Higgs bundle moduli spaces
Let Σ be a compact Riemann surface and P a principal G-bundle for G a compact Lie group with complexification G c . Given a connection A on P and Φ a section of g ⊗ K where g is the adjoint bundle, the Higgs bundle equations are given bȳ
These are formally the equations for the zero set of a hyperkähler moment map for the action of the gauge group, and as a consequence the moduli space M of solutions has a hyperkähler structure [14] . There is also a natural circle action (A, Φ) → (A, e iθ Φ) which fixes one Kähler form and rotates the other two.
The different complex structures, parametrized by ζ ∈ P 1 , can be viewed by considering the operators
When ζ = 0, D + is the∂-operator∂ A which defines a holomorphic structure on the principal G cbundle and for which the equations (16) say that Φ is holomorphic and satisfies a stability condition. The gauge-theoretical moduli space thus has different interpretations, either as a moduli space of Higgs pairs (∂ A , Φ) when ζ = 0 or ∞ or as a moduli space of flat connections otherwise.
The twistor space Z is the union of two open sets U, V given by ζ = ∞ and ζ = 0 respectively. Each one is actually algebraic, a moduli space of λ-connections in DeligneSimpson's terminology [22] : for the general linear group these are holomorphic differential
On U , D + =∂ A + λΦ * defines the holomorphic structure on E and the λ-connection is D = λ∂ A + Φ. For a fixed holomorphic structure these form a vector space whose projective space has a distinguished hyperplane λ = 0. The affine space which is the complement is the space of holomorphic connections on E.
An elliptic operator D on a compact manifold has finite dimensional kernel and cokernel and one can associate to this a determinant line
and in particular for a∂-operator on sections of a vector bundle on a Riemann surface. It behaves well in families even though the dimensions may jump (see [7] , [18] ) and defines a line bundle L. In particular, the∂-operator for a λ-connection (D + with λ = ζ) defines a determinant line bundle L + over U . There is a similar line bundle L − on V defined by D − .
For the moduli space of Higgs bundles H 2 (M, Z) has a single generator, so all determinant bundles are powers of one. To deal with a general group it is convenient to take the bundle given by the adjoint representation and to tensor with a line bundle K 1/2 , whose square is the canonical bundle, a so-called theta-characteristic. We shall see this later, but it is immaterial for the following:
The holomorphic line bundle L Z on the twistor space Z defining the hyperholomorphic line bundle of M is isomorphic to L + on U and L * − on V .
Proof: On the infinite-dimensional affine space A of∂-operators on the bundle g ⊗ K 1/2 , the determinant line bundle L has a natural connection defined by the Quillen metric [18] . The curvature of the Quillen metric is a multiple of the Hermitian form Σ tr dada * . On the flat hyperkähler manifold A × H 0 (Σ, g ⊗ K) the hyperholomorphic bundle has curvature
Recall from (13) that in a finite-dimensional flat space with Hermitian form z,z
Choosing a basepoint D 0 ∈ A we can do the same thing on A × H 0 (Σ, g ⊗ K) as the circle acts trivially on A.
Now note that
z + ζw,z +ζw − (1 + ζζ) w,w = z,z − w,w + ζ z,w +ζ z, w .
Since z i + ζw i are, for ζ = ∞, holomorphic functions on Z we have
In the present context this means that taking the Quillen metric for the determinant bundle of D + =∂ A +ζΦ * and rescaling it by exp[(1+ζζ) Σ tr ΦΦ * ] we have a metric whose curvature is F , and hence the line bundle L Z on U is isomorphic to the determinant line bundle
To describe the line bundle L Z we now need not a transition function, but instead an isomorphism between L + and L * − on U ∩ V . Note that Φ = 0 is a component of the fixed point set of the circle action, and this is the moduli space N of stable bundles, or flat connections with holonomy in the compact group G. The tangent space at a point in N is naturally isomorphic to H 1 (Σ, g). By Serre duality the cotangent space is H 0 (Σ, g ⊗ K), where the Higgs field lies, and so there is a neighbourhood of N ⊂ M which is identified with the cotangent bundle of N , with the circle action given by scalar multiplication in the fibres. The hyperkähler metric is therefore, using Feix's result, the unique hyperkähler extension of the Kähler metric on the moduli space of stable bundles. As in Section 3.5, we can in theory describe the line bundle L Z by transition functions involving the Kähler potential of this metric.
The Kähler form on N is known to be a multiple of the curvature of the Quillen metric. On the infinite-dimensional space A the Kähler potential is, as we saw above, just the Hermitian form, but because of the choice of base-point this is not gauge-invariant. Quillen gave an alternative description involving the zeta-function regularized determinant
of the composition of an operator∂ A with its adjoint. Here ζ(s) is the analytic continuation of ζ(s) = λ =0 λ −s for the eigenvalues λ of∂ * A∂ A . This depends on a choice of metric, but only up to a factor which depends on the metric alone.
The operator∂ A : Ω 0 (g ⊗ K 1/2 ) → Ω 0,1 (g ⊗ K 1/2 ) has the property that dim ker∂ A = dim coker∂ A . It then follows (see [7] ) that there is a canonical determinant section σ(∂ A ) of the determinant line bundle L. (In fact if the theta characteristic is odd and the dimension of G is odd this always vanishes, but there are choices for which, as A varies, it is generically non-zero.) The Quillen metric is then defined by the property that
The determinant section σ(∂ A ) vanishes when∂ A has a non-zero kernel, but the behaviour of the zeta-function and the definition of σ(∂ A ) as in [7] , show that the metric, a section of L * ⊗L * is everywhere non-vanishing. Since the curvature form for this bundle is the Kähler form on N , the local trivialization of L defined by σ(∂ A ) gives from (17) a Kähler potential f /2 = log det ζ (∂ * A∂ A ). To implement the construction of Section 3.5 we need to understand the complexification of exp f /2 = det ζ (∂ * A∂ A ) and then identify it as an isomorphism between the determinant line bundles.
Recall that the construction of Section 3. 
These have determinant bundles L + , L − as considered in Proposition 12, and determinant sections σ + , σ − . A metric in Σ defines a section h of KK and then
is an operator which specializes to∂ * A∂ in the case of a G-connection. Moreoever it has the same principal symbol and so satisfies the Agmon-Nirenberg condition on its spectrum which guarantees a well-defined (complex) zeta-function determinant. The definition of σ + , σ − and the properties of the zeta-function show that σ + σ − / det ζ ∆ is a non-vanishing section of L + ⊗ L − and this defines the required identification L + ∼ = L * − . In fact we know from Proposition 12 that such an isomorphism must exist and we also know that it is uniquely determined by the analytic continuation of the Kähler potential, but this combination of determinants gives it a more concrete form.
Remark: Two recent papers [1] , [17] discuss the hyperholomorphic bundle in terms of wall-crossing, the first using the existence of a circle action, the second apparently not. It nevertheless uses Higgs bundles, but with singularities, and these generally do not have such an action. There are however determinant lines, so it seems possible that the above description is concerned with the same hyperholomorphic bundle.
We do not know an explicit form for the Higgs bundle metrics for genus g > 1 but we can observe the description above in the case of an elliptic curve, which we do next.
Higgs bundles on an elliptic curve
We shall consider here the moduli space M of U (1)-Higgs bundles on an elliptic curve Σ with modulus τ = x + iy, y > 0. The moduli space of flat U (1)-bundles is a flat torus, and then M is just T 2 × R 2 with a flat metric, but we shall look at it from the point of view of the previous section and then compare with what we know of the hyperholomorphic bundle in the flat case. Since the adjoint bundle is trivial in this case we consider the determinant line for the vector representation, i.e. we look first at a flat U (1)-line bundle L and the determinant line of the operator∂
The zeta-function determinant was calculated in [19] : for a non-trivial character given by A → e 2πia , B → e 2πib for 0 ≤ a, b < 1
The theta function ϑ here has the expansion
where q = exp πiτ . It is invariantly to be thought of as a section of the determinant line bundle -it vanishes where a = b = 0, where the holomorphic line bundle L is trivial and has a non-zero section, and is thus a multiple of the determinant section σ(∂ A ). It is only a function as expressed here when lifted to the universal covering of the torus. In differentialgeometric notation, if du is the non-vanishing 1-form on Σ with periods 1, τ and the flat connection is d + αdū −ᾱdu for α ∈ C then 2πi(b − τ a) = (τ −τ )α = 2iyα.
When we complexify ζ ′ (0), the variable b − τ a and its conjugate become independent variables z,z and then the expansion shows that
A solution to the Higgs bundle equations in the abelian case is given by a flat unitary connection d + αdū −ᾱdu and a constant Higgs field Φ = βdu. Together they define the flat C * -connection ∇ A + ζΦ * + ζ −1 Φ which is
so for the ∇ 0,1 -operator of this we get 2πiz = 2πi(b − τ a) = 2iy(α + ζβ). For the conjugate structure 2πiz = 2iy(ᾱ − ζ −1 β).
Consider now the interpretation of (18) This is essentially the usual flat space description of the line bundle L Z , the factor πy appearing in order to implement the integrality condition on the cohomology class.
4 The Quaternionic Kähler manifold
Quaternionic Kähler geometry
A quaternionic Kähler manifold is a Riemannian manifold M 4k whose holonomy is contained in Sp(k) · Sp(1). A hyperkähler manifold has holonomy in Sp(k) ⊂ Sp(k) · Sp(1) but we usually distinguish between the two notions: the scalar curvature is a non-zero constant for quaternionic Kähler. The ±Sp(1)-factor defines a principal SO(3)-bundle S. This is the frame bundle for a bundle of quaternion algebras which act on the tangent bundle of M , or equivalently a rank 3 bundle of 2-forms ω 1 , ω 2 , ω 3 which satisfy the algebraic relations of hyperkähler forms.
There is a link between the two geometries. The connection on S and an orthonormal basis for so(3) define three 1-forms θ 1 , θ 2 , θ 3 on S. The components K 23 = dθ 1 − θ 2 ∧ θ 3 etc. of the curvature of the connection are of the form K 23 = cω 1 where c is essentially the scalar curvature. On the 4k + 4-manifold S × R + we have three closed 2-forms ϕ i = d(tθ i ). Now T (S × R + ) = H ⊕ V where H is the horizontal subbundle defined by θ i = 0 and dt = 0 and restricted to this subspace we have ϕ i = tcω i . On V we have ϕ 1 = dt ∧ θ 1 + t 2 θ 2 ∧ θ 3 etc. so together these define an Sp(k + 1)-structure on the tangent space if c > 0 and Sp(1, k) if c < 0. This is in fact hyperkähler and then S × R + is called the Swann bundle [23] or hyperkähler cone of the quaternionic Kähler manifold M .
The quotient space S/SO(2) is the unit sphere bundle in the bundle of imaginary quaternions and so is a bundle of complex structures on the tangent bundle of M . Using the connection, we have a splitting T (S/SO(2)) = H ⊕ V and, as in the hyperkähler case, we can introduce an almost complex structure (I x , I). This is integrable and defines the twistor space of M .
We can see this via the Swann bundle: the SO(3) action on S rotates the complex structures I, J, K and so SO(2) ⊂ SO(3) fixes I, say. Then C * = SO(2) × R + acts I-holomorphically on S × R + and the twistor space is the quotient. It is a complex manifold of dimension 2k + 1 but has an extra structure: if X is the holomorphic vector field generated by the C * -action on S × R + , let X ⊥ be the symplectic-orthogonal subbundle of the tangent bundle with respect to ω 2 + iω 3 . Then X ⊥ /X descends to the quotient as a rank 2k distribution which is a contact structure.
Recall that if L is the line bundle on the twistor space which is the quotient by this codimension one distribution then an equivalent description is via a section α of T * (L) = T * ⊗ L. For this to be a contact form we require α ∧ (dα) k to be everywhere non-vanishing which implies L k+1 ∼ = K * , which we write L = K −1/(k+1) .
Example: If M = HP k then its twistor space is P(C 2k+2 ) where C 2k+2 has a nondegenerate skew form. Then O(−1) ⊥ /O(−1) defines the contact structure α which is a section of T * (2).
As a complex manifold, the twistor space Z has the following features [20] :
• a complex 2k + 1-manifold
• a family of rational curves with normal bundle C 2k (1) and on which α is nonzero
• a real structure preserving this data.
With this information we can reconstruct the quaternionic Kähler manifold M .
The correspondence: twistor approach
Let us return now to the result of Section 2.2. On the twistor space Z of a hyperkähler manifold with circle action we constructed a principal C * -bundle P and lifted the action. It is convenient to assume that the holomorphic vector field defined by the circle generates a C * -action and then, removing the fixed points, we letẐ be the quotient. In fact one only needs a local holomorphic extension of the circle action to achieve this. We shall show that Z has a contact structure α invariant by the induced C * -action.
Letp : P →Ẑ be the quotient map by the action. Then since the tangent bundle along the fibres is trivial K P ∼ =p * KẐ . By the same token,
) and
We shall continue the notation O(2) since it is of degree 2 on each twistor line, but it is canonically determined onẐ. A contact form α is then a section of T * Z (2).
So if α is a contact form onẐ,p * α should be a section of T * P (2), invariant by the C * -action generated by the vector fieldỸ , and such that iỸp * α = 0. This is what we shall define.
In Proposition 5 we defined a meromorphic connection on L Z , so there is a meromorphic connection 1-form A on P , with simple poles at ζ = 0, ∞. This defines a holomorphic section ζA of T * P (2). It is invariant under the circle action, so to define α onẐ we need to check that iỸ A = 0. Locally on P the connection form is
and the lifted vector fieldỸ = Y − f U V where V is the vertical vector field given by the C * -principal bundle action.
We need to show that this has the nondegeneracy property of a contact structure. But
where F is the curvature of the meromorphic connection, and we showed in Proposition 5 that this was nondegenerate restricted to the generic fibres of p : Z → P 1 . Since the connection form A is non-zero on the fibres of P → Z we see that α ∧ (dα) k is non-zero for ζ = 0, ∞. But it is a section of the trivial bundle on a twistor space and is therefore constant hence non-zero everywhere.
We have thus shown thatẐ is a holomorphic contact manifold. The bundle P is trivial on the twistor lines of Z so they lift to P and project toẐ to define the twistor lines there.
The converse
The reverse construction, from a quaternionic Kähler manifold with S 1 -action to a hyperkähler manifold can be done in two ways. For the first, we observe how to invert the above twistorial construction.
1. The section s of O(2) on Z which vanishes on the divisor D 0 + D ∞ is invariant by the circle action and so we have a sectionŝ onẐ vanishing on the divisorD 0 +D ∞ . Now consider ζ as a meromorphic function on Z, with a zero on D 0 and a pole on D ∞ . Under the C * -action it transforms as ζ → λζ. Pulled back to P , this becomes a meromorphic section of the line bundleL overẐ defined by P . Put another way,D 0 −D ∞ is the divisor class of the line bundleL. This provides the key to the correspondence.
So supposeM is a quaternionic Kähler manifold with a circle action. The action generates a holomorphic vector field W on its twistor spaceẐ and then i W α is a section µ of O(2). This is the twistorial version of the quaternionic Kähler moment map of [8] . The section vanishes at two points on a generic twistor line and we assume that the divisor consists of two componentsD 0 andD ∞ , interchanged by the real structure. Let L be the line bundle, of degree zero on each twistor line, defined by the divisorD 0 −D ∞ , and letp : P →Ẑ be the corresponding principal C * -bundle. Then on P ,p * L is trivial and p * (D 0 −D ∞ ) is the divisor of a meromorphic function ζ, in other words we have a holomorphic map P → P 1 with ζ = 0, ∞ being the divisorsp * D 0 ,p * D ∞ . There is a lift of the action, giving a vector fieldW on P , such that the function ζ is invariant and then the map descends to the quotient Z, and describes the fibration p : Z → P 1 .
We need the section ω of Λ 2 T * F (2) on Z and this is obtained from differentiatingp * α ∈ T * P (2) in the fibre directions. Since i W α = ζ and L W α = 0, we have iW dp * α = −dζ and so along a fibre ζ = const., dp * α descends to the quotient Z as the required section ω.
2. The second procedure, which can be implemented in both the differential-geometric and twistorial approaches, is to use the Swann bundle. The circle action on the quaternionic Kähler manifoldM has a canonical lift to the hyperkähler Swann bundle and then the corresponding hyperkähler manifold M is the hyperkähler quotient.
We proceed as follows, describing first the twistor space of the Swann bundle (see [21] for the original description). Let q : Q →Ẑ denote the principal C * -bundle for the line bundle O(2) and consider the associated bundle Q × C * C 2 \{0}/{±1} where the action of λ ∈ C * on C 2 \{0}/{±1} is induced from λ · (z 0 , z 1 ) → (λ 1/2 z 0 , λ 1/2 z 1 ). Then the homogeneous coordinates (z 0 , z 1 ) define a projection to P 1 . Moreover q * α is a 1-form on Q whose derivative is a symplectic form (the canonical symplectic form on the bundle of contact elements). Adding dz 0 ∧ dz 1 and taking the quotient by C * gives a section of Λ 2 T * F (2), making it the twistor space of the hyperkähler structure on the Swann bundle. Now take the lifted action, which has a moment section of O(2) defined by µ + z 0 z 1 . The twistor space for the hyperkähler quotient is the zero set of this modulo the C * -action. On this subvariety we have the relation µ = −z 0 z 1 and so µ vanishes on two divisors given by z 0 = 0 and z 1 = 0. Since z 0 /z 1 is a meromorphic function the two divisors are linearly equivalent. The action (z 0 , z 1 ) → (νz 0 , ν −1 z 1 ) expresses µ + z 0 z 1 = 0 as a principal C * -bundle overẐ and so we have recovered the first description.
Remark: The two divisorsD 0 ,D ∞ in the twistor spaceẐ of the quaternionic Kähler manifold define sections ofẐ →M , interchanged by the real structure. These can be interpreted as complex structures ±I onM . These are examples of manifolds with a torsion-free connection with holonomy in SL(k, H) · U (1). When k = 1 this group is U (2) and the structure is that of a scalar-flat Kähler metric but in higher dimensions it is a non-metric geometry. This seems to have been little studied apart from [16] where they are called quaternionic complex manifolds. Whether this structure or the quaternionic Kähler one is more important globally in the correspondence studied here is a question we leave till another time.
An example
We shall consider only a single example of a hyperkähler manifold with a circle actionthe case where M is the Eguchi-Hanson metric on T * S 2 . This is the cotangent bundle case with the natural action on the fibres. The induced metric on the zero section is SO(3)-invariant and hence a multiple of the standard metric on S 2 : the metric is thus a case of the hyperkähler extension of Feix. On the other hand, the metric appears also as a hyperkähler quotient of flat space by a circle action, and the twistor space has a description as the quotient of an open set in
where V is a 2-dimensional vector space, by the action (v, ξ) → (λv, λ −1 ξ). Since this commutes with the U (2)-action on V , the corresponding hyperholomorphic line bundle must be U (2)-invariant. There is up to a multiple only one invariant 2-form on S 2 , so by the uniqueness of the hyperholomorphic extension this line bundle obtained through a quotient is also the one constructed here. Thus (20) with the C * -action is the holomorphic principal bundle P for Eguchi-Hanson.
Consider the lift (v, ξ, ζ) → (νv, νξ, ν 2 ζ) of the geometrical action on M . Then the equation v, ξ = ζ determines ζ in terms of v ∈ V and ξ ∈ V * . The quotient is therefore an open set in P 3 = P(V ⊕ V * ) which is the twistor space of S 4 . The quaternionic Kähler metric onM is then the standard metric on the sphere.
Strictly speaking, the quaternionic Kähler transform is the complement of a circle in S 4 because we have to remove fixed points of the circle action on the hyperkähler side. We can also see this on the quaternionic Kähler side: the moment section of O(2) in P(V ⊕ V * ) is defined by v, ξ . This vanishes on a quadric, isomorphic to P 1 × P 1 which is connected, but removing RP 1 ⊂ P 1 in the second factor produces two components -our divisorsD 0 ,D ∞ -and each of these has the conformally flat scalar-flat Kähler metric which is the product of constant curvature metrics on H 2 × S 2
There is a choice involved in lifting the geometric action on the twistor space -any two lifts differ by a power of the principal bundle action. A different choice of lifting is given by (v, ξ, ζ) → (ν n+1 v, ν 1−n ξ, ν 2 ζ). The quaternion Kähler manifolds produced here were considered by Haydys [10] who in turn relates them to quotient constructions of Galicki and Lawson [9] .
